Abstract. In this paper, we provide results concerning the optimal feedback control of a system of partial dierential equations which arises within the context of modelling a particular uid/structure interaction system seen in structural acoustics, this application being the primary motivation for our work. This model onsists of two coupled PDE's exhibiting parabolic and hyperbolic characteristics respectively; the control action, in this case, is modelled by a highly unbounded operator. We rigorously justify a optimal control theory or this class of problems and characterize the optimal control through a suitable Riccati Equation. This is achieved, in part, by exploiting recent techniques in the area of optimization of analytic systems with unbounded inputs, along with a local microanalysis of the hyperbolic part of the dynamics, an analysis which will consider the propagation of singularities and optimal \trace" behavior of the solutions.
W e consider the following problem (see [1] , [2] ) which requires that we nd functions z(t; x) and v(t; x), corresponding to a xed u(t) 2 U; U R k , which solve the following system consisting of a coupled wave equation and elastic beam-like equation: z tt = z on (s; T); (1.1a) @z @ = v t on 0 (s; T) 0 on n 0 (s; T) ; (1.1b) v tt = 2 v 2 v t z t + Bu on 0 (s; T); (1.1c) v(a; t) = v ( b; t) = @v(a; t) @x = @v(b; t) @x = 0 ;8 t 2 ( s; T);
(1.1d) (1.1f)
We will be looking for a triple [z ; v ; u ] T , which solves (1.1) and which minimizes a given performance index. Our main interest, however, is a feedback realization of the resulting optimal control via a solution of an appropriate Riccati equation.
In the special case when the is rectangular and the operator B is of the form B = r X i=1 i 0 (x i ), where 0 (x i ) are derivatives of delta functions evaluated at \x i ", the model (1.1) was considered in [1] . The physical interpretation for this particular structure of the control operator is that its control action is realized by the strategic placement of piezoelectric ceramic patches on the (exible) boundary 0 ; a v oltage is subsequently applied through these patches and the resulting bending moments can be interpreted as second derivatives of Heaviside functions. Note that the control operator is highly unbounded and dened only through distribution theory. This is, in fact, the main diculty of the problem which w as fully recognized in [26] , wherein the analysis culminated in the existence and uniqueness of the solution [z;v] T of (1.1) (for xed u) dened only in the sense of distributions. Our main goal here to show the well{posedness of (1.1) in this fully unbounded case within a given state space, i.e. [z;v] T may be taken as (continuous) functions; moreover, we wish to provide a rigorous theory of feedback control characterized by a solution P to the Dierential Riccati Equation, and in particular to reveal smoothing properties of the resulting gain operator B P (despite the inherent u n boundedness of B ).
To accomplish our goal, we shall consider a more general version of this problem formulated within an abstract dierential equation; the result will then derived for a broader class of problems whereby problem (1.1) will be deduced as a special case.
It should be noted that the key elements of our analysis rely on: (i) sharp new regularity properties of the traces of the hyperbolic part of the dynamics (eqn. (1.1a)); (ii) the theory of analytic semigroups and associated singular integrals which takes advantage of certain smoothing eects associated with the analytic part of dynamics (eqn. (1.1c)); and nally, (iii) recent results on the characterization of domains of fractional powers of the so{called elastic operators which in turn, allows for a crucial interplay b e t w een functional analytical and p.d.e. results.
1.2. Abstract Formulation. We wish to recast (1.1) into an appropriate functional analytical form for which w e need the following facts and denitions: It is well known that A is self-adjoint and positive denite, so fractional powers are well-dened. 2 (ii) With A as above, we also have from [11] have a most comprehensive treatment in the literature (see [9] , [16] ). Also, in the case of hyperbolic problems with a trace-type assumption imposed upon the control operator B, i t has been shown that the Algebraic Riccati Equation is solvable with the gain operator usually unbounded albeit densely dened (see [7] , [10] , [24] ). The hyperbolicity of the p.d.e. is critical in the analysis of the gains, the boundedness of which can be achieved under additional smoothing{type hypotheses imposed upon the observation R (as in [7] , [3] and references therein). Needless to say, our problem here does not fall into any of these categories; more importantly, the techniques developed in these cited works are not readily adaptable to the present situation. The reasons we cannot appeal to the earlier theory are threefold: (i) Our problem consists of coupled hyperbolic/\parabolic{like" equations with an unbounded control operator; thus techniques developed specically for parabolic or hyperbolic cases are no longer applicable. (ii) The coupling between the two dynamics is represented by a n u n bounded (trace{type) operator. This is a source of major diculties in the treatment.
(iii) The observation R is not assumed here to be smoothing, and thus there is no benet of an additional regularity resulting from optimization (unlike the other treatments noted above). In view of the above, new techniques dealing with the novel facets of the problem need to be developed. We note that sharp regularity o f h yperbolic traces (which w as necessarily studied by the authors) plays an absolutely major role. In fact, our nal result, asserting the solvability of the Riccati Equation with the implementation of a bounded gain operator, clearly indicates an interplay b e t w een the degree of unboundedness of B which can be allowed in the problem and the geometry of the domain which dictates the regularity of the traces (see Theorem 1.2). Remarks 1.1. (1) Notice that time regularity of the optimal control given by (1.17a) is not intrinsic to PDE optimization problems with an unbounded control operator B|it is an independent regularity result. In fact, one typically does not have continuity of the optimal controls. In our particular case, this enhanced regularity is a result of a smoothing eect of the analytic part of dynamics which is propagated onto the entire system in some sense to be made clear presently. 6 (2) The key result behind the derivation of the Riccati Equation, in the general case of an unbounded operator B, is the regularity of the gain operator B P(t) (which appears in the quadratic term of the equation). In our present situation, it is shown (see Theorem 1.2(ii)) that the gain operator B P(t) i s b ounded, despite the unboundedness of B (and consequently B ).
(3) It is well known that in a purely hyperbolic case (with unbounded B), the gain operators are intrinsically unbounded. What explains the regularity result Theorem 1.2(ii), in our particular case, is again, some propagation of regularity from the analytic part of the dynamics. This is probably the most technical part of the proof which requires an in depth \microlocal" analysis of traces to hyperbolic operators. Remark 1.2. We notice that the problem considered in [1] is a special case of our more general setup where is a rectangle,
0 (x i )u i ; x i 2 0 ; u i 2 R ; 8 i:
By the Sobolev Imbedding Theorem, 0 (x i ) 2 H 3 2 ( 0 ); so the value of = 3 2 + < 5 3 , and hence this particular unbounded input ts within the framework of our problem.
Analysis of Open Loop Dynamics
In this section we shall prove several properties related to the well-posedness of the open loop control system. These will be critical for the study of feedback control.
By appealing to [23] , we h a v e the following result regarding the dynamics generated by A, and the consequent w ellposedness of (1.1) in a weak sense. 
However, the above a priori regularity is not sucient for the subsequent analysis. We need more information concerning the \smoothing" properties of L. In fact, the main goal of this section, is to prove that Lemma 2.1. L 2 L ( L 2 (0; T ; U ) ; C ([0; T ]; H 1 H 0 )). Remark 2.0. The result of Lemma 2.1 should be contrasted with that of [24] which shows that the operator L is dened as a mapping into a space of distributions. 7 The proof of Lemma 2.1 follows through a sequence of propositions. A critical role is played by the following results: Theorem 2.A (see [6] , [7] ). Let Remark 2.1. Note that fe A 0 ( ) g t0 has a greater \smoothing" eect on intial data then the standard results given for analytic semigroups (see [12] , p.295).
The next theorem pertains to the regularity of solutions of the Neumann problem with given Dirichlet boundary data (the so{called Neumann{ Dirichlet map); this result will be used in the work ahead. ; As A is self-adjoint w e then deduce that
Consequently, w e can make use of the well-developed theory for analytic semigroups (see [13] ) (after agreeing to identify j 0 as simply the identity) to establish that the map For N large enough we will have from (2.15a) that kK 0;J k < 1 In addition, as A 0 is the direct sum of two normal operators (see [7] (2.66) after using the theory for analytic semigroups followed by the regularity estimate in [19] . Likewise, by the theory for analytic semigroups we obtain the estimate (3.26) or setting V (t) = B Q ( t ), we h a v e then, after applying B to both sides of (3.26 
